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Recently it has been proposed that the main contributor to the dark energy of the Universe
is a dynamical, slow evolving, spatially inhomogeneous scalar field, called the quintessence. We
investigate the behavior of this scalar field at galactic level, trying it as the dark matter in the halos
of galaxies. Using an exact solution of the Einstein’s equations, we find an excellent concordance
between our results and observations.
Recent observations in type Ia supernovae have suggesteded the value Ω0 ∼ 1 considering ΩΛ ∼ 0.6 [1]. From the
theoretic point of view some cosmologists prefer to explain the observed data coming from Ia supernovae using a
decaying cosmological constant [2], which simplest realization is a dynamical, slow evolving, spatially inhomogeneous
scalar field, called the quintessence [3]. Quintessence is the ingredient the Universe should contain, in order to
explain the Cosmic Background Radiation, large scale structure and the cosmic acceleration of the Universe [3,4].
The quintessence is postulated as a slow varying scalar field in order to obtain equations of state p = ω(t)ρ, with
ω(t) < −0.6 for this substance. Here we investigate further consequences of the scalar field hypothesis. A fundamental
question arises: how does such scalar field behaves locally? Given that the scalar field varies slowly in time, one can
study the space variation alone in a certain region of the space-time, neglecting the time variation of the scalar field.
Let us start from the scalar field action
S =
∫
d4x
√−g[−R
κ0
+ 2(∇Φ)2 − V (Φ)] (1)
where R is the scalar curvature, Φ the scalar field, κ0 = 8piG and V (Φ) = Λe−2κ0Φ. As an example we present a
model of a spiral galaxy by considering the scalar field of action (1) as the dark matter component, for which we
use an exponential potential, as found convenient for quintessence [2]. In order to do so we suppose the analog of
quintessence but with the scalar field dependence on the spatial coordinates.
We assume that the space-time of a galaxy has to be axial symmetric and static; this last condition is reasonable if
one considers that dragging effects are unappreciable given the small pressure between stars. The most general line
element having these properties written in the Papapetrou form is
ds2 =
1
f
[e2k(dρ2 + dζ2) +W 2dφ2]− f c2dt2, (2)
with the functions f, W and k depending only on ρ and ζ. The general field equations obtained from (1) are the
Klein-Gordon and the Einstein’s equations
Φ;µ;µ −
1
4
dV
dΦ
= 0 , Rµν = κ0[2Φ,µΦ,ν + 1
2
gµνV (Φ)] (3)
where a semicolon means covariant derivation. It has been shown that an exact solution for the system (3) is [5],
ds2 =
r2 + b2 cos2 θ
f0
(
dr2
r2 + b2
+ dθ2) +
r2 + b2 sin2 θ
f0
dφ2 − f0c2(r2 + b2 sin2 θ)dt2 (4)
and the effective energy density is
µDM = V (Φ) =
4f0
κ0(r2 + b2 sin
2 θ)
(5)
being ρ =
√
(r2 + b2) sin θ, ζ = r cos θ the Schwarzschild-like coordinates. Solution (4) is the space-time of a “scalar
field soup”, therefore it is not asymthotically flat, this means that the dark matter here behaves in a completely
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relativistic manner, there is no Newtonian limit. It is remarkable the coincidence with the profile of an isothermal
halo in the equatorial plane [6]. The geodesic equations for test particles (stars) into the equatorial plane of our
space-time read
∂2R
∂τ2
−R
(
∂φ
∂τ
)2
+ f20 c
2R
(
∂t
∂τ
)2
= 0,
∂φ
∂τ
=
B
R2f0
,
∂t
∂τ
=
A
R2f0
(6)
where τ is the proper time of the test particle and R =
∫
ds =
√
(r2 + b2)/f0 is the proper distance of the test particle
at the equator from the galactic center. Observe that for a circular trajectory, the first of equations (6) reduces to
φ˙ = f0c =
B
A
(7)
where the dot means derivative with respect to t and we have used the other two geodesic equations for the second
identity. A and B are two constants of motion of the test particle we are considering. We can estimate the constant
A using the invariance of the metric. At the equator it is obtained
ds2 = −
(
f0(r
2 + b2)− v
2
c2
)
c2dt2 = −c2dτ2 (8)
with v2 = gijv
ivj , vi = (r˙, θ˙, φ˙), from where it arises an expression for A in terms of the metric functions
A =
r2 + b2√
f0(r2 + b2)− v2/c2
∼
√
r2 + b2
f0
= R (9)
since v2 ≪ c2. Using (7) and (9) we obtain an estimation for the angular momentum B = vDMR, which implies
B ∼ f0cR, and therefore vDM ∼ f0c = constant in the regions where the scalar matter dominates. This remarkable
result qualitatively agrees with observations, it means that the circular velocity of a star far away from the center
of the galaxy vDM does not depend on the distance R. Furthermore, the angular momentum of test particles is
determined by the luminous matter near the center of the galaxy, where B = f0cR ∼ 0. In the following we use the
approximation B ∼ f0cR along the whole galaxy. The first of equations (6) is the second Newton’s law for particles
travelling into the scalar field background. We can interpret
∂2R
∂τ2
= R
(
∂φ
∂τ
)2
− f20 c2R
(
∂t
∂τ
)2
=
B2
R3f20
− c2A
2
R3
=
c2
R
− c2A
2
R3
(10)
as the force due to the scalar field background, i.e. FΦ = c
2/R − c2A2/R3. We know that the luminous matter
is completely Newtonian. At the other hand, the Newtonian force due to the luminous matter is given by FL =
GM(R)/R2 = v2L/R = B
2
L/R
3, where vL is the circular velocity of the test particle due to the contribution of the
luminous matter and BL is its corresponding angular momentum per unit of mass. The total force acting on the test
particle is then F = FΦ + FL. For circular trajectories ∂
2R/∂τ2 = F = 0, then
B2L
R2
− c2A
2
R2
= −c2 (11)
The constants of motion are the total energy per unit of mass of the test particle and its angular momentum per
unit of mass
(E/m)2 =
f20 c
4(r2 + b2)2
f0(r2 + b2)− v2/c2
, (l/m)2 =
v2(r2 + b2)
f0(f0(r2 + b2)− v2/c2)
(12)
given l/m = BL, and E/l = c
2f0A. Since v
2 ≪ c2 the geodesic equation implies the main result of this work [5]
vDM = f0l/m (13)
i.e. the velocity is independent of the radius as observed at large radii, where the dark matter dominates. This
velocity should be the contribution of our scalar dark matter to the velocity of test particles, and this is why we label
it vDM . In order to model completely the rotation curves we introduce a typical exponential and thin distribution of
luminous matter for the disc, for wich it is useful to consider the Universal Rotation Curve expression [7]
2
v2L = v
2(Ropt)β
1.97x1.22
(x2 + 0.782)1.43
(14)
an approximation that works for a sample of 967 spiral galaxies [7]. In (14) x = r/Ropt, the parameter β =
vL(Ropt)/v(Ropt) being Ropt the radius into which it is contained the 83% of the onservable mass of the galaxy and v
is the observed circular velocity. Thus we find the expression l/m = vLr¯ = vL
∫
ds = vL
√
(r2 + b2)/f0 for the angular
momentum per unit of mass into our space-time. Using this result and the assumption of a galaxy being a virilized
system, the total circular velocity of a test particle is
v2C = v
2
L + v
2
DM = v
2
L(f0(r
2 + b2) + 1). (15)
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FIG. 1. The circular velocity profiles of four galaxies. Continious lines represent the total circular velocity (vC), long-dashed
the contribution of the dark matter to the total velocity (vDM ) and the short-dashed curves the contribution of luminous matter
(vL); finally the dots represent the observational data. The value of rD is the observationally correponding to each of both
galaxies [7]. The units are in (Km/s) in the vertical axis and in (Kpc) in the horizontal one.
The comparison of this model with experimental results of two spiral galaxies is shown in Fig. 1, where it is evident
the great coincidence of our results with the observed rotation curves. Observe that except the relation v2 ≪ c2,
our main result (13) is exact, and that the contribution of luminous matter to the circular velocity (14) is a very
convincing phenomenological model. This result puts the scalar field as a good candidate to be the dark matter in
the halos of galaxies. It is remarkable that if this result is confirmed in some way, the scalar field could represent 35%
of dark matter and 60% of dark energy in the Universe, it means that the scalar field could be 95% of the matter in
the whole Universe as suggested in [8].
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